Lattice SU (N ) × SU (N ) chiral models are analyzed by strong and weak coupling expansions and by numerical simulations.
I. INTRODUCTION
Two dimensional SU(N) × SU(N) principal chiral models defined by the continuum lagrangian
are the simplest quantum field theories sharing with non-abelian gauge theories the property of asymptotic freedom and whose large N limit is a sum over planar diagrams. Due to the existence of higher-order conservation laws, multiparticle amplitudes are factorized, and exact S matrices have been proposed [1] [2] [3] . The resulting bound state mass spectrum is represented by
and the bound state of r particles transforms as the totally antisymmetric tensor of rank r.
The mass-Λ parameter ratio has been computed, and the result is [4] M Λ M S = 8π e sin π/N π/N .
A "standard" lattice version of principal chiral models is obtained by choosing the action
whose properties have been investigated by several authors [5] [6] [7] [8] [9] [10] [11] especially by strongcoupling and mean field methods. Numerical simulations have also been performed (at N = 3), most recently by Dagotto-Kogut [12] and Hasenbusch-Meyer [13] . As a preliminary step within a more general program whose ultimate goal is performing the numerical 1/N expansion of matrix-valued field theories, we decided to explore the properties of principal chiral models at larger-than-usual values of N. In particular we wanted to investigate the following issues:
-region of applicability, accuracy and N dependence of the strong coupling series.
-onset of scaling, with special attention to the interplay between thermodynamical (peak in the specific heat) and field theoretical (dip in the β-function) effects.
-check of conjectured exact results (especially mass ratios) by Monte Carlo measurements in the scaling region.
-role of coupling redefinitions in the widening of the asymptotic scaling regions.
To this purpose, we performed a variety of strong coupling and weak coupling calculations, and a number of numerical simulations for different values of N, and especially at N = 6, where the mass spectrum is sufficiently non-trivial (two independent mass ratios can be measured and compared with prediction), and O(1/N 2 ) effects should be already significantly depressed.
In the present paper we only report on our analytical results, without offering any details on the derivations, that will be presented elsewhere.
II. ANALYTICAL RESULTS

A. Strong coupling
We found that the most convenient approach to strong coupling is the character expansion. Free energy character expansion for U(N) chiral models to twelfth order and mass gap expansion to fifth order were presented in Ref. [5] . The formal extension of these series to SU(N) is easily achieved with the abovementioned precision for N > 6. Paying some attention in order to avoid double-counting, SU(6) can be also obtained by the same technique.
We found explicit representations of the coefficients of the SU(N) character expansion in the strong coupling regime in terms of Bessel functions, by generalizing the technique discussed in Refs. [11, 14] . These representations are exact up to O β 2N . As consequence we could compute the SU(N) free energy to twelfth order in β for N > 6 in two dimensions
In the case 
The internal energy (per link) density E is immediately obtained from the previous results by
These results have been used to draw the strong coupling curves in our figures and compare very well with numerical simulations in the region β < ∼ 0.25.
B. Weak coupling
Short weak coupling series for the free-energy density of U(N) and SU(N) chiral models were presented in Ref. [6] .
We calculated the energy density up to three loops finding
where
Q 1 and Q 2 being numerical constants: Q 1 = 0.0958876 and Q 2 = −0.0670. Asymptotic scaling requires the ratio of any dimensional quantity to the appropriate power of the two loop lattice scale
to go to a constant as T → 0. b 0 and b 1 are the first universal coefficients of the expansion of the β-function:
Evaluation of the ratios of Λ parameters requires a one loop calculation in perturbation theory, which leads to [8] :
In order to get a more accurate description of the approach to asymptotic scaling we performed the change of variables suggested by Parisi [15] , defining a new temperature T E proportional to the energy:
Notice that the corresponding specific heat is, by definition, constant. The ratio of Λ E , the Λ parameter of the β E scheme, and Λ L is easily obtained from the two loop term of the energy density:
We encountered the usual (and yet unexplained) phenomenon of a much better convergence to asymptotic scaling for quantities plotted as functions of β E [16] [17] [18] . We tried to check for a perturbative explanation of this phenomenon by computing the first perturbative correction to the two loop lattice scale
in the standard and the β E scheme, which requires the calculation of the three-loop term of the β-function in both schemes.
In the standard scheme we found
where G 1 = 0.04616363 [19, 20] . The equivalence of the SU(2) × SU(2) chiral model to the O(4) σ model allows a check of this equation, indeed for N = 2 it must give (and indeed it does) the same b 2 L of the standard lattice O(4) σ model [19] .
The β-function of the β E scheme can be written in the form
is the specific heat and T must be considered as a function of T E . Expanding perturbatively Eq. (18) and using Eq. (8) one finds
As one may easily verify, the linear corrections to the two loop lattice scale in Eq. (16) are small and of the same order of magnitude (although of opposite sign). They cannot therefore explain the failure of the first and the success of the second scheme with respect to achieving asymptotic scaling. We believe that the origin of this phenomenon is fully non-perturbative, and it can presumably be traced to the phenomenologically apparent correlation existing between the peak in the specific heat and the dip in the lattice β-function: the non-perturbative variable transformation that flattens the peak manages to fill the dip, in a theoretically yet uncontrolled way.
III. NUMERICAL RESULTS
We performed Monte Carlo simulations of the lattice SU(N) × SU(N) chiral models for a wide range of values of N (in particular N = 3, 6, 9, 15) and β. Summaries of the runs are presented in Tables I,II,III and IV. In our simulations we implemented the Cabibbo-Marinari algorithm [21] to upgrade SU(N) matrices by updating its SU(2) subgroups. In most cases, we chose to update the N −1 diagonal subsequent SU(2) subgroups of each SU(N) matrix variable by employing the over-heat-bath algorithm [22] (for the "heat bath" part of it we used the Kennedy-Pendleton algorithm [23] ).
An important class of observables of the SU(N) × SU(N) chiral models can be constructed by considering the group invariant correlation function
We define the correlation function ξ G from the second moment of the correlation function G(x). On the lattice
where G(k x , k y ) is the Fourier transform of G(x). The inverse mass gap ξ w is extracted from the long distance behavior of the zero space momentum correlation function constructed with G(x). Moreover we measured the diagonal wall-wall correlation length ξ d to test rotation invariance. M ≡ 1/ξ w should reproduce in the continuum limit the mass of the fundamental state. The first definition of correlation length ξ G offers the advantage of being directly measurable, while the calculation of ξ w requires a fit procedure. On the other hand, since ξ G is an off-shell quantity an analytical prediction exists only for the inverse mass-gap (Eq. (3)).
In Tables I,II,III and IV we present data for the energy density E, the specific heat
, the magnetic susceptibility χ m defined from the correlation function G(x), the correlation length ξ G , the dimensionless ratios ξ G /ξ w and ξ d /ξ w , respectively for N = 3, 6, 9, 15.
We carefully checked for finite size effects. It turned out that for z ≡ L/ξ G > ∼ 8 the finite size systematic errors in evaluating infinite volume quantities should be safely smaller than 1%, which is the typical statistical error of our data.
In Figs. 1 and 2 we show the energy density versus β respectively at N = 6 and N = 9. There the strong coupling series up to twelfth order in β and the weak coupling one up to third order in β −1 are drawn. As in other asymptotically free models, at all values of N the specific heat shows a peak, connecting the two different asymptotic behaviors: monotonically increasing in the strong coupling region and decreasing at large β. In Figs. 3,4 ,5 and 6 C is plotted respectively for N = 3, 6, 9, 15 with the corresponding 13 th order strong coupling series (except for N = 3). Increasing N, the peak moves slightly towards higher β values (β peak ≃ 0.285 at N = 6, β peak ≃ 0.30 at N = 15), and becomes more and more pronounced. We found the position of the peak to be more stable at large N when plotting C versus ξ G , as in Fig. 7 . Notice that, increasing N, the specific heat around the peak does not show any apparent convergence to a finite value, which might be an indication of a (first order?) phase transition at N = ∞.
The 12 th order (13 th order) strong coupling series of the energy (specific heat) are in quantitative agreement (within our statistical errors) for β < ∼ 0.2, and in qualitative agreement up to the peak of the specific heat, whose position should give an estimate of the strong coupling convergence radius.
Tests of scaling, based on the stability of dimensionless physical quantities (for example, the ratio ξ G /ξ w ) and rotation invariance (checking that ξ w /ξ d ≃ 1), showed that, within our statistical errors, the scaling region is reached already at small correlation lengths, i.e. for ξ G ≃ 2. Fitting data in the scaling region to a constant we found ξ G /ξ w = 0.987 (2) for N = 3 , = 0.993 (2) for N = 6 , = 0.995 (3) for N = 9 , = 0.994 (4) for N = 15 .
Notice that scaling is observed even before the peak of the specific heat. Since strong coupling series should be effective in this region, it might be possible to calculate continuum physical quantities by strong coupling techniques. In order to investigate this issue work to extend the strong coupling series is in progress. We checked asymptotic scaling according to the two loop formula (10) by analyzing In Figs. 3,4 ,5 and 6 we show the corresponding data respectively for N = 3, 6, 9, 15. At all values of N we observe the usual dip in the β-function, which is, again, more and more pronounced when increasing N. Since ξ G ≃ ξ w we compare M G /Λ L,2l directly with Eq. (3) (using also Eq. (13) 
are represented by dashed lines in the figures. Notice that the Monte Carlo data are much larger than the predicted values, while the first perturbative corrections in Eq. (16) are, in all cases, about 20% at β ≃ 0.3. Furthermore, data show a similarity with the behavior of the specific heat, strengthening the idea of a strong correlation between the two phenomena. The approach to asymptotic scaling gets an impressive improvement using the β E scheme. In Figs. 3,4 ,5 and 6 we also plot
Now data approach the correct value, and the discrepancies are even smaller than the linear correction calculated in Sec. III (which is about 15% at β ≃ 0.3). So flattening the peak of the specific heat by performing the coupling redefinitions T → T E , the dip of the β-function disappears. We believe this to be the key point of the success of the β E scheme in widening the asymptotic scaling region. The peak of the specific heat should be explicable in terms of complex β-singularities of the partition function close to the real axis [24] . The sharpening of the peak with increasing N would indicate that the complex singularities get nearer and nearer to the real axis, pinching it at N = ∞ where a phase transition is expected. Such singularities should also cause the abrupt departure from the weak coupling behavior. Then a coupling transformation eliminating the peak should move the complex β-singularities away from the real axis, and therefore improve the approach to asymptotic scaling. From the Monte Carlo data and the exact result (3) we can extract the effective Λ-parameters Λ L (N, β) and Λ E (N, β E ). Fig. 8 and 9 show respectively the ratios
1/2 exp(−8πx). Similarly to the specific heat, the effective Λ-parameter Λ L (N, β) does not give evidence of convergence at large N. On the contrary Λ E (N, β E ) appears to approach a finite function Λ E (∞, β E ), which is well approximated by the two loop formula.
In conclusion, scaling and asymptotic scaling (in the β E scheme) are observed at all values of N considered, even around the peak of the specific heat. It is interesting to notice that, even though the behavior of the specific heat with respect to N suggests the existence of a phase transition at N = ∞, the above scenario is apparently stable at large N.
IV. MASS SPECTRUM AT N = 6
We studied the mass spectrum at N = 6, where Eq. (2) predicts the existence of two independent mass ratios. In order to extract the other two independent mass values besides the fundamental one, we considered the following operators:
having respectively the same transformation properties of the two and three particle bound states. The mass values M 2 and M 3 were determined from the large distance behavior of the zero space momentum correlation functions constructed with the above operators. In practice we found distances d > ∼ 1.5 ξ G to be large enough to fit the data to the expected exponential behavior. In Table V and in Fig. 10 we present the data for the ratios M/M G , M 2 /M and M 3 /M, analyzed using the jackknife method. They show good scaling. Fitting them to a constant we found
This result confirms, within statistical errors of about 1%, the conjectured exact result (2), which predicts 
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